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Abstract—Energy measurements have conventionally been
used for detecting the presence of signal energy but not for
distinguishing incumbent users (IUs). In this work, soft and
hard reports Gaussian mixture model learning algorithms are
proposed to distinguish intermittently transmitting IUs and to
find the footprints for each IU, i.e., the CRs that receive
signals from each IU. Unlike existing methods for distinguishing
IUs using single antenna CRs, the proposed methods do not
require CR locations, channel models, or prior knowledge of
the number of IUs or their protocol. The soft reports algorithm
uses Mahalanobis distance to separate components while a two
stage process learns components corresponding to individual IUs.
The hard reports algorithm reduces computational complexity
by learning unidimensional mixtures at each CR and fusing
results using a novel algorithm for finding the maximum weight
dominating set in a directed graph. MATLAB simulations of
slotted ALOHA IU networks are used to evaluate the algorithms’
performance as the number of CRs, IUs, and average activity are
varied. In frequent collision scenarios, the soft reports algorithm
has the best performance. However, NS3 simulations of 802.11n
IU networks show that methods proposed to reduce false positives
deteriorate detection performance due to channel capture effects.

Index Terms—Spectrum sensing, Gaussian mixture model,
footprints, maximum weight dominating set.

I. INTRODUCTION

The paradigm of opportunistic spectrum usage has been
motivated by the fact that existing or incumbent users (IUs) are
actively using spectrum for a small fraction of time at a limited
number of locations. For efficient dynamic spectrum access,
cognitive radio (CR) networks analyze the spatial spectrum
occupancy using various tools such as radio environment
maps [1] and localization algorithms [2]. However, existing
algorithms for these tasks are unable to disambiguate multiple
IUs. Note that these algorithms can be extended to analyze
the spatial spectrum occupancy of multiple coexisting IUs if
they are input transmissions of just one IU at a time. Such an
extension would be an example application of our algorithms.

Spectrum sensing literature has conventionally focused on
CR networks where all CRs lie in the footprints of all the
incumbents that it shares the spectrum with [3]. However, due
to limited transmit powers, all cognitive radios (CRs) of a CR
network may not be able to receive signals from all IUs. This
motivates us to define the footprint of an IU as the set of
CRs that can detect its transmissions. Extending the footprint
from a set of CRs to a geographical area (where the IU’s
transmissions can be detected) has been studied extensively in
radio environment map literature [1] and we consider it to be
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Fig. 1. Locations of 2 IUs and 16 CRs. Footprints inferred for a single
realization of shadow fading channels correlated across space.

outside the scope of this paper. We focus on the identification
of the footprints. Identifying the footprint of the IU helps
reduce the dimensionality of the measurements used for the
above mentioned algorithms and allows us to analyze two (or
more) IUs with non-overlapping footprints at the same time.

Apart from enabling the disambiguation of multiple IUs for
sensing related tasks, the footprints of multiple IUs and the
ability to identify the transmitting IU is assumed known in
location aware routing literature [4] and for learning network
topology [5].

A. Related Work

Existing work on disambiguating incumbent transmitters
can be classified into three classes: 1) algorithms that distin-
guish between incumbents using prior knowledge and training,
2) algorithms that distinguish incumbents using orthogonality
in one or more dimension, and 3) algorithms that distinguish
incumbents without prior knowledge, extra hardware, or or-
thogonality in any dimension. The algorithms we propose
belong to the last class of work.

The first class of algorithms assume that the identity of the
incumbents are known in the form of transmitter identifiers,
such as WiFi BSSID [6], or incumbent location, transmit
power, and channel models [7]. Learning transmitter identi-
fiers requires a significant amount of training. Identifying the
current transmitter using CR and IU locations requires IUs
to have isotropic radiation patterns and high accuracy prior
information which may not be available [8]. More recently,
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[9] proposes a method that uses prior knowledge of channels
between every pair of points on a given location grid and
location tagged RSS measurements to estimate the number
and locations of incumbents.

The second class of existing methods place restrictions on
the incumbents in order to obtain orthogonality in one or
more test dimension. Boundary estimation techniques from
sensor network literature [10] and image processing tech-
niques [11] have been extended to identify incumbent user
locations and footprints when their footprints do not overlap.
If the incumbents do have overlapping footprints, then they
can be distinguished if they occupy non-overlapping frequency
bands [12], [13]. If the incumbents also occupy overlapping
frequency bands, then they can be distinguished and localized
if they have distinct cyclostationary peaks [14]. Lastly, if
the CRs have multiple antennas and a line-of-sight to the
incumbent transmitters, then [15] proposes a method that uses
direction of arrival to distinguish and localize them.

The last class does not assume any prior information about
the incumbents and does not place restrictions on the incum-
bents’ hardwares, protocols, or channels to CRs. [16] shows
that the energy received at the CRs from multiple IUs can be
modeled by a Gaussian mixture model (GMM) such that the
each component of the GMM is the result of the transmissions
of a subset of IUs transmitting simultaneously. The authors
propose a method to learn this GMM and use energy detection
on the learnt components’ means to identify the footprints of
each IU. However, the algorithm proposed in [16] does not
learn the correlation between energy received at different CRs
and, hence, overestimates the number of incumbents.

B. Challenges and Contributions

Our goal in this paper is to estimate the footprints for all IUs
and identify the transmitter(s) of each detected transmission.
We do not assume to know the number of IUs, locations of the
CRs and the IUs, the channel propagation model, or features
of the waveform transmitted by the incumbents. The lack of
information makes our algorithms versatile.

Similar to the work in [16], our algorithms use multiple
energy measurements over time to differentiate IUs using the
fact that radios in communication systems transmit intermit-
tently and not continuously. Hence, there will be times when
exactly one IU is transmitting at one time. This is known as
the separability assumption [17].

The first algorithm we propose fuses measurements of
received energy values at the CRs, i.e., soft reports. The
second fuses the CRs’ identified transmitters for each detected
transmission, i.e., hard reports.

Our soft reports algorithm is an online algorithm to learn
a Gaussian mixture model of the received energy without
knowing the number of components or the component pa-
rameters. The footprints of the IUs are estimated by energy
detection on the sample means of particular components and
the current transmitter(s) is (are) identified by the component
that is most likely to have generated the received energy
measurement. It improves on the algorithm proposed in [16]
by estimating the off-diagonal entries of the covariance of

the mixture components and introducing the concept of a
candidate component. Compared to state of the art Gaussian
mixture model learning algorithms, it significantly reduces
computational complexity by recognizing that the means of
a large fraction of the components are linear combinations of
the means of the remaining mixture components. Unlike state
of the art algorithms, it is not a recursive algorithm and does
not require storage of received samples. Existing methods of
learning mixture models are reviewed in detail in Section V.

For the hard reports algorithm, each CR uses a unidimen-
sional Gaussian mixture learning algorithm to identify the
IUs it receives. CRs report the transmitters for multiple mea-
surements. The hard reports algorithm fuses these transmitter
labels to identify the footprint of each IU. The challenge here
is that since the CRs are not cooperating with each other,
CRs may have different identifiers for the same transmitter.
Furthermore, each CR is more likely to make a mistake in the
identification because of the lack of diversity. The hard reports
algorithm formulates the fusion problem as the problem of
finding the maximum weight dominating set (MWDS) in
a directed graph with edge weights. We propose a greedy
algorithm to find the MWDS and, thus, infer the total number
of incumbents and the labels that the CRs report for each. If
a CR has a label for an IU, it belongs to the footprint of that
IU.

The rest of the paper is organized as follows. Section II
describes the notation, the system model, and the problem
formulation. The performance metrics for evaluating the algo-
rithms are proposed in Section III along with an algorithm to
compute them. In Section IV, a Gaussian mixture model is fit
to the system model. The soft reports algorithm is described
in Section V while the hard reports algorithm is described in
Section VI. The algorithms’ performance is evaluated using
MATLAB and NS3 simulations and discussed in Section VII.
Conclusions and future work are described in Section VIII.

II. SYSTEM MODEL AND PROBLEM FORMULATION

A. Notation

We use Φ to denote the cumulative distribution function of
the zero mean unit variance Gaussian distribution. χ2

2T denotes
the χ2 distribution with 2T degrees of freedom. For a positive
integer M , we denote the set {1, 2, . . . ,M } by [M]. An all-
ones column vector is denoted by 1. Its length depends on the
context. A unit norm vector with a 1 in the mth position is
denoted by bm . We denote the superset of a set S by 2S. For
a positive integer z, we define the map βz : {0, 1}z → 2[z] as
βz (a) = {m ∈ [z] : am = 1}. For a matrix C, we denote the
submatrix consisting of the intersections of the rows indexed
Ir and columns indexed Ic by CIr ,Ic . We denote the indicator
variable by I{ · }.

B. System Model

Consider M incumbent transmitters indexed as 1, . . . ,M .
For m ∈ [M], the mth incumbent transmitter transmits, at
time t, a circular symmetric complex Gaussian signal xm[t] ∼
CN

(
0, σ2

m

)
with unknown transmit power σ2

m . As we shall
describe below in detail, the CRs will repeatedly measure
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TABLE I
NOTATION FOR SYSTEM MODEL

Symbol Description
a[n] Activity in nth frame
C Matrix of means of source components

ek [n] Energy at k th CR during frame n
Fm Footprint of mth incumbent
K No. of CRs
M No. of IUs
N No. of frames
T No. of samples per frames

βz (α) Indicator function for incumbents active according to a
νk [t] Noise at k th CR and time t

σ2
m Transmit power of mth user

σ2
ν Noise power vector.

τk Threshold for footprint determination

energy received using frames of length T samples. During
the nth frame, let the mth incumbent’s activity be denoted
by am[n] ∈ {0, 1} where am[n] = 1 if the mth incumbent is
transmitting and 0 otherwise.

Assume that there are K CRs indexed as 1, . . . , K . Each CR
measures the energy received at times t1 < t2 < · · · < tN using
frames of T samples each. The channel hm,k from the mth
incumbent to the kth transmitter is assumed to be slow fading
and, therefore, constant for the duration of the algorithm. The
practicality of this assumption is discussed in Section VII-C.
For t ∈ {tn, tn +1, . . . , tn +T −1}, n ∈ [N], the kth CR receives

yk [t] =
M∑

m=1

hm,kam [n] xm[t] + νk [t] (1)

where νk [t] ∼ CN(0, σ2
νk

) is additive white Gaussian noise
with known power σ2

νk
. Known noise power is a common

assumption in cognitive radio literature [18], [19]. Let σ2
ν ,

[σ2
ν1
, . . . , σ2

νK
]T . The energy measured at time tn , i.e., in the

nth frame, is given by

ek [n] =
tn+T−1∑
t=tn

|yk [t]|2. (2)

We define e[n] , [e1[n] · · · eK [n]].
We define a[n] , [a1[n] · · · aM [n]]. Note that we do

not need to assume independence of am1 [n1] and am2 [n2]
for m1 , m2 and n1, n2 ∈ [N]. This permits the use of
our algorithms to identify communicating incumbents that use
medium access control (MAC) protocols. However, for our
proposed algorithms to work, we shall make the following
assumption on the activity a[n]: For each m ∈ [M], there exists
at least one n ∈ [N] such that a[n] = bm . In other words, each
incumbent transmitter is observed to be transmitting alone at
least once. This is known as a separability assumption [17].

C. Problem Formulation

Define the footprint Fm of the mth incumbent as

Fm =
{
k ∈ [K] : T |hm,k |

2σ2
m + Tσ2

νk
> τk

}
(3)

where the thresholds τk may be obtained from standards such
as IEEE 802.22 [20] or from the CR’s noise power [21]. We
choose it based on the noise power:

τk ,
σ2
νk

2
χ−2

2T (1 − PFA) (4)

where PFA is the desired probability of false alarm for en-
ergy detection. The goal of this work is to estimate M and
F1,F2, . . . ,FM from e[1], e[2], . . . , e[n]. We assume that our
proposed algorithms operate at a fusion center that all the CRs
communicate their hard or soft reports with.

1) Soft Reports Algorithm: At the nth frame, the kth CR
transmits ek [n] to the fusion center. At each frame, the fusion
center uses the online algorithm proposed in Section V to
compute an estimate M̂[n] of the number of incumbents and
the footprints F̂1[n], F̂2[n], . . . , F̂M̂ [n][n] of each.

2) Hard Reports Algorithm: For the hard reports algorithm,
the kth CR uses ek [1], . . . , ek [N] to estimate the number of
incumbents it is receiving M̂k , identify the transmitters it can
detect, and label each frame by the set of incumbents `k [n] ∈
2[M̂k ] that it detects to be active. It also computes a confusion
matrix P̂k ∈ [0, 1]M̂k×M̂k that estimates the probability of the
CR misidentifying the transmitters for a frame. Unlike the
soft reports algorithm, the CR communicates these estimates
to the fusion center after N frames and not at each frame.
After receiving N frames, the hard reports algorithm combines
these reports to estimate the number of incumbents M̂ and the
footprints F̂1, . . . , F̂M̂ of each.

III. PERFORMANCE METRICS

The problem we tackle consists of a model size estimation
problem, i.e., estimating the number of signals M̂ . It is also a
parameter estimation problem because we are estimating the
footprints F̂m of each signal m ∈ [M̂]. Hence, we require two
sets of performance metrics – one for estimating the number
of signals and another for the quality of footprints.

Given a set {F̂1, F̂2, . . . , F̂M̂ } of detected footprints, we
define an injective map µ : [M] → {∅} ∪ [M̂] such that µ(m)
is the index of the estimated incumbent that corresponds to
the mth true incumbent and µ(m) = ∅ if none of the estimated
incumbents correspond to the mth true incumbent. We describe
computing µ at the end of this section.

When estimating the number of incumbents detected, the al-
gorithm may not distinguish between two or more incumbents
or it may detect more incumbents than there actually are. To
measure the first type of error, we compute the probability of
misdetecting at least one incumbent:

Pdet ({F1, . . . ,FM }) = P (µ(m) , ∅ ∀ m ∈ [M]) . (5)

The second type of error is measured by the average number
of extra incumbents detected. It is normalized by the number
of incumbents:

Ê ({F1, . . . ,FM }) ,
1
M

���
{
m′ ∈ [M̂] : µ(m) , m′,∀m ∈ [M]

} ��� .
(6)

The quality of the detected footprints is estimated by the
number of CRs erroneously included in or excluded from the
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Fig. 2. Scatter plot of received energy at 2 CRs for different components
compared to the marginal histograms of each component. Also shown is the
histogram of the received energy without conditioning on the components.
System: 2 IUs with average activity 0.5, 2 CRs measuring energy using frames
of T = 64 samples each. Channels as per description in Section VII-A.
estimated footprint, i.e., the cardinality of the symmetric set
difference between, say, Fm and F̂µ(m):

δ(µ(m),m) , ���
(
F̂µ(m)\Fm

)
∪

(
Fm\F̂µ(m)

) ��� . (7)

Hence, we compute the errors in detected footprints as

F̂ ({F1, . . . ,FM }) ,
M∑

m=1
µ(m),∅

δ(µ(m),m)
|Fm |

. (8)

Now, taking a step back, we describe the method of com-
puting the function µ(m) for all m ∈ [M]. As noted above,
the detected footprints may be erroneous. So, an estimated
footprint F̂m′ and a true footprint Fm are compared using
δ(m′,m). If δ(m′,m) ≤ max {1, |Fm | /4}, then we say that
the m′th estimated incumbent may correspond to the mth true
incumbent. Multiple estimated incumbents may correspond to
the mth true incumbent. In order to resolve such ambiguity
we propose using a maximum weight bipartite graph matching
algorithm to find µ.

We construct a bipartite graph G = (V,E) which has vertices
V = {F1, . . . ,FM, F̂1, . . . , F̂M̂ } and it has edges (Fm, F̂m′ ) ∈ E
if and only if δ(m′,m) ≤ max {1, |Fm | /4}. Furthermore, if the
edge (Fm, F̂m′ ) exists, it is assigned weight |Fm | − δ(m′,m).
We compute the maximum weight bipartite graph matching
E′ ⊆ E on G using the algorithm proposed by [22] and using
the implementation made available at [23]. The injective map
µ is then defined as

µ(m) =



m′ if (Fm, F̂m′ ) ∈ E′

∅ otherwise.
(9)

IV. GAUSSIAN MIXTURE MODEL OF THE RECEIVED
ENERGY

The two algorithms proposed in this paper are based on a
Gaussian mixture model for the CRs’ measurements of the

received energy. We shall also describe certain properties of
the components of this mixture model that are useful for
reducing storage and computational complexity.

When conditioned on the activity vector for frame n, the
received signal in that frame, i.e., at time t such that tn ≤ t <
tn + T , is a circularly symmetric complex Gaussian random
variable:

yk [t]|a[n] ∼ CN *
,
0,

M∑
m=1

��hm,k
��2 am [n]σ2

m + σ
2
νk
+
-
. (10)

Therefore, the energy received during frame n conditioned on
the activity vector a[n] has a χ2 distribution with 2T degrees
of freedom:

ek [n]|a[n] ∼ *
,

M∑
m=1

��hm,k
��2 am [n]

σ2
m

2
+
σ2
νk

2
+
-
χ2

2T . (11)

The χ2 distribution can be approximated by a Gaussian
distribution as follows

ek [n]|a[n] ∼ N *
,
T

M∑
m=1

��hm,k
��2 am [n]σ2

m + Tσ2
νk
,

T *
,

M∑
m=1

��hm,k
��2 am [n]σ2

m + σ
2
νk
+
-

2
+/
-
. (12)

Hence, the received energy vector e[n] given the activity vector
a[n] can be approximated by a jointly Gaussian distribution.
Therefore, the received energy vector e[n] has a Gaussian
mixture distribution whose active component during frame n
is decided by the activity a[n]. Note that βM (a[n]) ⊆ [M]
incumbents are active when the activity vector is a[n]. Since
a[n] ∈ {0, 1}M , the Gaussian mixture distribution has 2M

components.
An example of the distribution of the received energy at

2 CRs receiving 2 IUs is shown in Fig. 2. The marginal
distributions of the received energy are shown along the axes
with and without conditioning on the activity vector. In this
example, the conditional distributions of 3 of the 4 components
do not have a clear separation at CR 1 while the conditional
distributions of 2 of the 4 components overlap significantly at
CR 2. However, all 4 components are clearly separated in the
scatter plot of the received energy at both CRs.

We call the M components corresponding to the trans-
missions of single incumbents, i.e., a[n]T1 = 1, as source
components. Their means are collected as rows of a matrix C:

C ,



E[e[n]|a[n] = b1]T

E[e[n]|a[n] = b2]T
...

E[e[n]|a[n] = bM ]T



. (13)

Due to the additive nature of the received energy, the means of
the remaining 2M − M mixture components are deterministic
functions of the means of the M source components. Using
(12) and (13), the mean of a component corresponding to
activity vector α ∈ {0, 1}M is given by

E [e[n]|a[n] = α] = αTC − (αT1 − 1)σ2
ν . (14)
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Furthermore, the variance of the component depends on its
mean:

Var (ek [n]|a[n] = α) =
1
T
E2 [ek [n]|a[n] = α] . (15)

The covariance of the component

Cov
(
ek1 [n], ek2 [n]��a[n] = α

)
= T

M∑
m=1

��hmk1
��2 ��hmk2

��2 αmσ4
m

+ T
M∑

m1,m2=1
m1,m2

h∗m1k1
hm2k1 h∗m2k2

hm1k2αm1αm2σ
2
m1
σ2
m2
.

is derived in the Appendix as (46).
Finally, we note that the Gaussian approximation motivates

us to use the well-studied Mahalanobis distance for compar-
ing a measurement of the received energy to already learnt
components. We shall use this property while developing the
soft reports algorithm.

V. LEARNING THE GAUSSIAN MIXTURE DISTRIBUTION
USING SOFT REPORTS

Mixture model learning algorithms have been developed in
various frameworks. The expectation-maximization based al-
gorithms, such as [24]–[26], are known to suffer from conver-
gence issues. Method of moments based algorithms [27], [28]
require prior knowledge of the number of mixture components
and estimates of moments of up to Ω(2M )th order since the
number of mixture components is 2M . Accurate estimates of
these moments may not be available or require computational
and sample complexity exponential in the number of mixture
components [29]. Multi-view methods such as [29] use only
lower order moments but require each CR’s measurement
to have at least as many dimensions as the number of
components. Methods based on matrix decomposition, such
as [30], operate on univariate measurements but require that
the number of CRs exceed the number of mixture components.

Our proposed soft reports algorithm is based on the online
algorithm proposed in [16]. The improvements of the proposed
soft reports algorithm over the algorithm proposed in [16] are
explained at the appropriate points in the algorithm description
below. Since the distribution described in Section IV clearly
shows that two source components cannot have the same
mean with different covariances, the proposed algorithm uses
a separation criteria, i.e., a threshold on distance between the
two components, to distinguish the components. The proposed
algorithm is not recursive and, hence, avoids the corresponding
computational complexity and the requirement of storing the
received samples. The flow of the proposed algorithm is shown
in Fig. 3.

A. Notation

We shall classify the components we learn as confirmed and
candidates. Furthermore, each of the components are classified
as source and sum components. The quantities for candidate
components are denoted using a superscript c.

Let M̂[n] ∈ N be the number of source components
detected after processing frame n and assume that the source

TABLE II
NOTATION FOR SOFT REPORTS ALGORITHM

Symbol Description
f c [n] Frame at which candidate component is first ob-

served
sc [n] No. of active measurements for candidate source

components
Ĉ[n] Sample means of source components
ĈC [n] Sample means of candidate source components

DM (e′, α,C′) Mahalanobis metric
D Components to be deleted

F̂m [n] Footprint estimate of mth detected incumbent
M̂ [n] No. of detected IUs
M̂c [N ] No. of detected candidate source components
Mm Set of sets that need to be merged together or deleted
Ŝ (α) Estimated covariance matrix for α
η[n] No. of measurements used to estimate sample mean

of source components
ηc [n] No. of measurements used to estimate sample mean

of candidate source components
ω No. of measurements for which candidate source

components are on probation
σ̂2

k
(α, Ĉ[n − 1]) Variance of αth component inferred from source

components Ĉ[n − 1]
υ No. of frames candidate source component has to

be active before confirmation
ζ Threshold to detect outlier

components are indexed as 1, 2, . . . , M̂[n]. The means of these
source components are denoted by the matrix Ĉ[n] ∈ RM̂ [n]×K

+

such that the mth row of Ĉ[n] is the sample mean of the mth
detected source component.

We initialize the algorithm by using the received energy
vector at the first frame n0 where ek [n0] > τk for all k ∈ [K]
as the mean of the first candidate source component. To be
precise, M̂c [n] , 0 if n < n0 and M̂c [n] , 1 if n = n0.
Similarly, we initialize the sample means of the candidate
components as Ĉc [n0] = e[n0], the measurement index at
which it is seen first as f c1 [n0] = n0, the number of times
it is seen individually as ηc [n0] = 1, and the number of times
seen in total as sc [n0] = 1 while these quantities are undefined
for n < n0.

B. Comparing Energy Measurement to Learnt Components

To detect the active component, we compare received energy
measurements to the already learnt confirmed and candidate
components.

1) Estimation of Component Statistics: The mean of the
component corresponding to the activity vector α ∈ {0, 1}M̂ [n]

is estimated by

αT Ĉ[n] − (αT1 − 1)σ2
ν (16)

based on (14). Based on (12), we can estimate
Var(ek [n]|a[n] = α) by

σ̂2
k (α, Ĉ[n − 1])

,
1
T

(
αT

(
Ĉ[M̂ [n]],k [n − 1] − Tσ2

νk
1
)
+ σ2

νk

) 2
. (17)

The off diagonal elements of the theoretical value of
Cov(e[n]|a[n] = α) given by (46) in the Appendix cannot
be estimated from the sample means of the received energy
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Fig. 3. Flow of soft reports algorithm. Blocks are numbered for ease of description in the text.

because its second summation depends on the complex chan-
nel coefficients. As an approximation, the algorithm proposed
in [16] estimates it as a diagonal matrix with Var(ek [n]|a[n] =
α) on the diagonal

ŜT (α) , diag
(
σ̂2

1

(
α, Ĉ[n − 1]

)
, σ̂2

2

(
α, Ĉ[n − 1]

)
,

. . . , σ̂2
K

(
α, Ĉ[n − 1]

) )
. (18)

In this work, we propose estimating Cov(e[n]|a[n] = α) as

Ŝ(α) ,
1
T

M̂∑
m=1

αm
(
Ĉ[n]T bm − Tσ2

ν

) T (
Ĉ[n]T bm − Tσ2

ν

)
+ ŜT (α) −

1
T

M̂∑
m=1

αm
(
diag

(
Ĉ[n]T bm − Tσ2

ν

) ) 2
(19)

by using the first sum in the theoretical value of the covariance
as derived in (46) in the Appendix.

2) Distance Computation: In [16], a received sample e[n]
is compared to the component with activity vector α and mean
C ′ = αT Ĉ[n − 1] − (αT1 − 1)σ2

ν using ŜT (α) by computing
the minimum tail probability:

DT
(
e[n], α,C ′

)
, max

k ∈[K ]



Φ *
,

ek [n] − C ′
[M̂ [n]],k

σk (α,C ′)
+
-
,

1 − Φ *
,

ek [n] − C ′
[M̂ [n]],k

σk (α,C ′)
+
-



. (20)

Hence, we denote the algorithm proposed in [16] as the
minimum tail probability algorithm.

In this work, a received sample e[n] is compared to that
same component by computing the squared Mahalanobis dis-
tance

dM
(
e[n], α,C ′

)
,

(
e[n] − C ′

) T Ŝ−1(α)
(
e[n] − C ′

)
(21)

and using the fact that the squared Mahalanobis distance has
a χ2 distribution with K degrees of freedom to compute its
likelihood function

DM
(
e[n], α,C ′

)
, χ2

K

(
dM

(
e[n], α,C ′

) )
. (22)

In this paper, we shall refer to DM as the Mahalanobis
metric. The improved covariance estimation in (19) and the
Mahalanobis metric reduce the probability of labelling outliers
as new IUs but also reduce the probability of detecting a
distinct IU as such, particularly for small K . This difference
is described numerically in Section VII.

C. Adding a New Component

In essence, our algorithm checks if the latest measurement
of received energy is an outlier when compared to the source
and sum components learnt so far. If yes, then the algorithm
should learn this measurement as a new source component.
However, since the algorithm’s estimate of the mean and
variance of each component changes as more samples are
received, it is possible that the measurement may be an outlier
generated by a component that we have already learnt albeit
with inaccurate statistics.

In such a scenario, the minimum tail probability algorithm
of [16] adds a new source component and then merges multiple
source components as their statistics become more accurate.
This increases the total number of components, sum and
source, exponentially. In turn, this increases the computational
complexity of the algorithm exponentially. Instead, we propose
that an outlying measurement received at frame n be learnt as
a candidate source component that is confirmed to be a source
component if it is detected to be active at at least υ for the next
ω measurements. This step is intended to reduce the number
of extra IUs detected.

Accordingly, the algorithm first compares the latest received
measurement e[n] to each confirmed source and sum compo-
nent in Block 1:

D̂1 , min
α∈{0,1}M̂ [n−1]

αT1>0

DM

(
e[n], α, Ĉ[n − 1]

)
(23)

and then to each candidate source and sum component in
Block 4:

D̂2 , min
α∈{0,1}M̂ [n−1]+M̂c [n−1]

αT1>0

DM

(
e[n], α,

[
Ĉ[n − 1]
Ĉc [n − 1]

] )
. (24)
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TABLE III
UPDATE EQUATIONS FOR BLOCKS 7 AND 10 OF SOFT REPORTS ALGORITHM IN FIG. 3

Ĉ[n] Ĉc [n] η[n] ηc [n] sc [n] f c [n]

Block 7 Ĉ[n − 1]
[
Ĉc [n − 1]
e[n]T

]
η[n − 1]

[
ηc [n − 1]

1

] [
sc [n − 1]

1

] [
f c [n − 1]

n

]

Block 10
[
Ĉ[n − 1]
Ĉc

C,[K ][n]

]
Ĉc

C′,[K ][n]
[
η[n − 1]
ηc
C

[n]

]
ηc
C′

[n] sc
C′

[n] f c
C′

[n]

If both D̂1 > ζ and D̂2 > ζ , then a new candidate component
is added in Block 7 using the update equations in Table III
and by setting M̂c [n] = M̂c [n − 1] + 1.

On the other hand, if D̂1 ≤ ζ , then the active component is
determined as:

â , argmin
α∈{0,1}M̂ [n−1]

αT1>0

DM

(
e[n], α, Ĉ[n − 1]

)
(25)

and the component’s parameters are updated in Block 2 if
âT1 = 1 or the algorithm proceeds to Block 11 for output. If
D̂1 > ζ but D̂2 ≤ ζ , a similar process is followed to update
the candidate source component’s parameters in Block 5 or to
increment the activity counts in Block 8.

D. Updating Parameters of Components

The statistics of confirmed and candidate components are
updated in Blocks 2 and 5 respectively. Let m be the index of
the active confirmed (or candidate) component.

Block 2 updates the sample mean of the active component
using e[n].

M̂[n] = M̂[n − 1] (26)
ηm[n] = ηm[n − 1] + Iλ[n]={m } (27)

Ĉm,[K ][n] =



e[n]+(ηm [n]−1)Ĉm,[K ][n−1]
ηm [n] if λ[n] = {m}

Ĉm,[K ][n − 1] otherwise.
(28)

Block 5 uses the same equation to update M̂c , ηcm , and Ĉc .
Furthermore, Block 5 also updates the activity count:

sc [n] = sc [n − 1] +
∑

m′∈λ[n]
m′>M̂ [n−1]

bm′−M̂[n−1] (29)

where â is the activity vector that minimizes (24) and λ[n] ,
βM̂ [n−1]+M̂c [n−1](â).

Finally, Block 8 increments the activity counts of the source
components λ[n] using (29).

E. Deleting or Merging Source Components

In Block 3, we delete any source components whose sample
means are likely to have been generated by a sum components.
For each m ∈ [M̂[n]], we find the sets

Mm ,
{
βM̂ [n](α) : α ∈ {0, 1}M̂ [n], αT bm = 0, αT1 > 0,

DM

(
Ĉm,[K ][n], α, Ĉ[n]

)
≤ ζ

}
. (30)

The source components D ,
{m : ∃N ∈ Mm such that |N| > 1} are deleted. A similar
check is performed on the candidate components in Block 6.

To merge multiple source components simultaneously, we
construct an undirected graph with vertices [M̂[n]]\D and an
edge between vertices corresponding to source components
indexed m1 and m2 if m1 ∈ Mm2 . Source components that are
connected are merged.

These checks are repeated until no more source components
can be merged or deleted.

F. Maintenance of Candidate Components

In Block 9, we confirm those candidate source components
that have an activity count greater than υ: C , {m ∈ [M̂c [n −
1]] : scm[n] ≥ υ}.

In Block 10, the candidate source components older than
ω are deleted. Hence, the new candidate source components
are C′ , {m ∈ [M̂c [n − 1]] : scm[n] < υ, n − f cm[n] < ω}. The
source components are updated as shown in Table III.

G. Output

Finally, we infer the footprints of the identified incumbents
using the sample means of the learnt source components:

F̂m[n] ,
{
k : Ĉ[M̂ [n]],k [n](m) > τk

}
m ∈ {1, . . . , M̂[n]}.

(31)

VI. HARD REPORTS ALGORITHM

The minimum tail probability metric proposed in [16] and
restated in (20) distinguishes two incumbents if there is at

least one CR k such that Φ
(
e′
k
−C′

[M̂ ],k
σk (α,C′)

)
or 1 −

(
e′
k
−C′

[M̂ ],k
σk (α,C′)

)
exceeds the threshold ζ . Hence, if we were to learn the
marginal Gaussian mixture distribution from a single CR’s
received energy values, we might be able to distinguish these
incumbents. In fact, Fig. 4 shows that a single CR is able
to distinguish up to 3 incumbents with high accuracy using
the soft reports algorithm. Motivated by this observation, we
propose a fusion algorithm to fuse the inferences of multiple
CRs each of which learns the marginal Gaussian mixture
distribution locally. The CRs will transmit, to the fusion
center, the number of incumbents it identifies, the estimated
activity of each incumbent, and an estimated confusion matrix.
Analogous to the hard and soft reports in spectrum sensing,
the algorithm proposed in this section is a hard reports fusion
algorithm.
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Fig. 4. Footprint learning by 1 CR. Parameters: N = 200 frames of T = 64 samples, ζ = 0.99
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K
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Fig. 5. Block diagram of hard reports algorithm.

We shall begin by describing each CR’s computations to
generate the hard reports. Next, the problem of fusing these
reports is formalized as the problem of finding the maximum
weight dominating set of a graph constructed from the reports.
We propose a greedy algorithm to solve this problem and apply
it to the fusion problem. The block diagram of the algorithm
is shown in Fig. 5.

A. Generation of Hard Reports by CR

Let each CR operate a unidimensional Gaussian mixture
learning algorithm such as that proposed in [16] or the soft
reports algorithm proposed in Section V. In this paper, we shall
assume that the soft reports algorithm is used though the hard
fusion algorithm does not have such a pre-requisite. Assume
that the algorithm runs for N frames, the kth CR identifies
M̂k source components, and generates labels `k [n] ⊆ [M̂k ]
for each frame n according the source components detected to
be active:

`k [n] = βM̂k

*...
,

argmin
α∈{0,1}M̂k

αT1>0

DM

(
ek [n], α, Ĉ[M̂k ],k [N]

) +///
-

(32)

if ek [n] > τk and `k [n] = ∅ otherwise.

TABLE IV
NOTATION FOR HARD REPORTS ALGORITHM

Symbol Description
0 K -tuple corresponding to noise only
B Edge set of H

`k [n] Hard report from k th CR at time n
v (L1, L2) Weight of edge in H
w (T) Weight of a dominating set T

DS (L1, L2) Distance metric between tuples L1, L2
H Graph of reported tuples
J Weakly connected components of H

L[n] Reported tuple at time n

L̂ Search space in hard reports algorithm
L̂1 Maximum weight dominating set of H
P̂k Confusion matrix for tuples reported by k th CR
T A dominating set in H
TD Set of dominated reported tuples in H
U Set of reported tuples
γ Threshold for hard reports algorithm

Furthermore, we assume that the CR estimates the confusion
probability P̂k : 2M̂k × 2M̂k → [0, 1] such that P̂k (`1, `2)
estimates the probability that the set `1 is misclassified as the
set `2, i.e.,

P̂k (`1, `2) =

∞∫
τk


I{
`2=βM̂k

(
argmin

α∈{0,1}M̂k
DM

(
ε,α,Ĉ[M̂k ],k [N ]

) ) }

×Φ
*.
,

ε − Ĉ[M̂k ],k [N]

σk
(∑

m∈`1 bm, Ĉ[N]
) +/
-


dε

The CR transmits M̂k , {lk [n]}n∈[N ], and P̂k to the fusion
center.

B. The Fusion Problem

For each incumbent, we wish to determine the labels as-
signed to it by each CR, i.e., for each incumbent we wish to
find a tuple in the set

L , 2[M̂1] × 2[M̂2] × · · · × 2[M̂K ]

such that the kth element of that tuple is the set of labels
most likely to be detected by the kth CR when this particular
incumbent is transmitting. In this section, we propose a method
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Fig. 6. An example of the graph H for a system with K = 6 CRs, M = 2 incumbents, and N = 200 frames of T = 64 samples. Edge thickness is proportional
to the edge weights. Maximum weight dominating set indicated by vertices filled in black. Dark edges correspond to the edges used for computing the weight
of the dominating set. Vertex corresponding to noise shown with a double border. Vertices that dominate sets that are active for less than 5% measurements
are shown with a white cross.
to determine the tuples that correspond to each incumbent and
the combination of incumbents transmitting simultaneously.

We collect the reported labels into a tuple

L[n] , (l1[n], l2[n], . . . , lK [n]) ∈ L (33)

which we refer to as the reported tuple at time n. If L1, L2 ∈ L,
then we define the distance DS between them to be

DS (L1, L2) , max
k ∈[K ]

1 − P̂k
(
L1,k, L2,k

)
. (34)

We formulate our problem as follows: Find the minimal subset
L̂ ⊂ L such that

min
L′∈2L̂

DS
(
S(L′), L[n]

)
< γ ∀n ∈ [N] (35)

where S : 2L̂ → L such that S(L′) is defined as the tuple

S(L′) , *
,

⋃
`∈L′

`1,
⋃
`∈L′

`2, . . . ,
⋃
`∈L′

`K +
-

(36)

and γ ∈ [0, 1] is a threshold set by the user. We set γ = ζ to
ensure that the fusion algorithm differentiates between IUs if
and only if at least one CR differentiates between them.

Even for a small number of CRs and few incumbents, the
size of L is very large. For example, with 4 CRs and 3
incumbents, |L| = 212 and |2L | = 2212

. Therefore, we simplify
the problem by restricting the search space to the reported
tuples: L̂ ⊆ {0} ∪U where U , {L[1], L[2], . . . , L[n]} and 0 is
the K-tuple in which all elements are empty sets. 0 is useful for
identifying reported tuples that are the result of false alarms.

We divide the fusion problem into two stages. The first stage
is to find the minimal subset L̂1 ⊆ {0} ∪ U such that

min
L′∈L̂1

DS (L′, L[n]) < γ ∀n ∈ [N]. (37)

The vectors in L̂1\{0} are the most likely report vectors
generated by the CRs when different sets of incumbents are
transmitting. Next, we find the minimal subset L̂ ⊆ L̂1\{0}

min
L′∈L̂

DS (S(L′), L′′) < γ ∀L′′ ∈ L̂1\{0} (38)

These are the most likely report vectors generated by the CRs
when individual incumbents are transmitting by themselves.
Given L̂1, we use brute force to solve (38) since the search
space is significantly smaller (O(22M

)) than for the first
stage (O(2N )). The computational complexity of this step is
discussed in detail in Section VII.

C. Maximum Weight Dominating Set Model

We model the first stage (37) of our algorithm as a problem
of finding the maximum weight dominating set in a directed
graph. Consider a directed graph H = (U∪ {0},B) which has
vertex set U∪ {0} and edge set B. It has an edge (L1, L2) ∈ B
if DS (L1, L2) < γ. An example of the graph H is shown in
Fig. 6. The edge (L1, L2) is assigned weight v(L1, L2) , 1 −
DS (L1, L2). If edge (L1, L2) , B, then we define v(L1, L2) ,
0. We say that a vertex L2 ∈ U∪ {0} dominates another vertex
L1 ∈ U∪{0} if (L1, L2) ∈ B. We say that a subset T ⊂ U∪{0}
is a dominating set if each L2 ∈ U ∪ {0}\T is dominated by
at least one L1 ∈ T. To such a dominating set, we assign the
weight

w(T) ,
∑

L1∈U∪{0}\T

[
max
L2∈T

v(L1, L2)
]
. (39)

We estimate L̂1 as the maximum weight dominating set of
H. The advantage of maximizing a weight as defined above
is that a minimal dominating set has higher weight than a
non-minimal dominating set.

Existing literature does not consider the problem of max-
imum weight dominating sets in directed graphs. However,
it is known that the problem of finding a dominating set
in a directed graph is a NP-Hard problem [31]. Therefore,
finding the maximum weight dominating set is also a NP-Hard
problem. The other difference with existing literature is that
the convention is to assign weights to the vertices rather than
the edges. However, our problem requires that the weights be
assigned to the edges and not to the vertices. Keeping this in
mind, we propose a novel heuristic greedy algorithm to find
the maximum weight dominating set in a directed graph with
edge weights.
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Algorithm 1 Finding maximum weight dominating set in a
directed graph
Input: H = (U∪ {0},B), v(L1, L2) for each L1, L2 ∈ U∪ {0}

1: L̂1 ← ∅

2: J← weakly connected components of H
3: for all J ∈ J do
4: T ← {L1 ∈ J : @L2 ∈ J such that (L1, L2) ∈ B}
5: while T does not dominate J do
6: TD ← {L1 ∈ J\T : ∃L2 ∈ T such that (L1, L2) ∈

B}

7: T ← T ∪ arg maxL∈J\T

∑
L′∈J\TD

v(L′, L)
8: end while
9: L̂1 ← L̂1 ∪ T

10: end for
11: L̂1 ← L̂1\{L1 ∈ J\T : (L1, 0) ∈ B}
Output: L̂1

Our proposed algorithm takes, as input, the directed graph
H described above. The algorithm is summarized in Algo-
rithm 1. First, we note that the dominating sets of each weakly
connected component of H can be computed separately. For
a weakly connected component J of H, we initialize the
maximum weight dominating set T, in line 4, by those vertices
that are not dominated by any other vertex. The loop in lines 5-
8 grows the set T until all other vertices, i.e., set TD computed
in line 6, in J are dominated by T. Specifically, we add the
vertex from J\T that maximizes the sum of the weights of
the edges to the vertices not dominated by T yet. Finally, we
remove from L̂1 the vertices dominated by or the vertices that
dominate the vertex corresponding to noise, i.e., 0.

Similar to the idea of candidate components in the soft
reports algorithm, we remove, from L̂1, vertices that dominate
sets of vertices that are active for less than 5% of the
measurements.

D. Estimating the Footprints

As mentioned earlier, the second stage (38) of the problem
is solved by brute force. Having obtained L̂1, each element of
L̂1 corresponds to an identified incumbent. Hence, the number
of incumbents identified is estimated as M̂ , |L̂|. Indexing
elements of L̂1 as 1, 2, . . . , M̂ is required to index the footprints
of the identified incumbents. Let Lm ∈ L̂1 be the mth element.
Then, the footprint of the mth identified incumbent is

F̂m ,
{
k ∈ [K] : Lm,k , ∅

}
. (40)

VII. SIMULATION RESULTS AND DISCUSSION

In this section, we study the choice of algorithm param-
eters, the practicality of our constant channel assumption,
the performance of our algorithm for various systems, an
example application of localizing 4 IUs simultaneously, and
the computational complexity of our algorithms.

We begin the discussion of our proposed algorithms by nu-
merically evaluating the choice of our algorithms’ parameters
followed by discussing the practicality of our constant channel
assumption. Then, we discuss the performance of our pro-
posed algorithms for slotted ALOHA and 802.11 incumbent

networks as the number of CRs and IUs is varied. Finally,
we discuss the computational complexity of our proposed
algorithms.

A. Simulation System

We generated a[n] through 2 systems. For the first system,
similar to slotted ALOHA [32], each am[n] was generated
as a Bernoulli i.i.d. random variable in MATLAB. Up to 4
IUs were simulated in a 2000m×2000m area. For the second
system, NS-31 was used to simulate up to 2 coexisting 802.11n
networks each with 1 AP and 2 STAs in a 2000m×2000m
area. The STAs are located randomly in a 100m radius disc
around the AP. UDP flows were set up on both downlink and
uplink for sending 2000 byte packets at regular intervals. The
start times and durations of transmit events were logged with
a timestamp. Activities am[n] were generated by sampling
these events every 150µs as per the discussion below in
Section VII-C.

Using the generated a[n], we used MATLAB to generate
complex Gaussian incumbent signals, a shadow fading channel
with path loss 4, standard deviation 6 dB, and spatial corre-
lation as modeled in [33] with α = 0.1. The IUs’ transmit
power is set as σ2

m = 20dBm and the CRs have a noise
power of σ2

νk
= −100dBm. The received signals at CRs are

generated as per (1). The threshold for the footprint definition
is obtained from (4) with Pfa = 0.01. Unless mentioned
otherwise, N = 200 frames of length T = 32 samples are
used for energy measurement and the threshold ζ = 0.99.
For the soft reports algorithm, candidate source components
are labeled as confirmed if they are detected to be active for
υ = 5 of the latest ω = 100 frames.

Note that throughout this section, plots of probability of
misdetecting at least one IU are lower bounded by 10−4

in order to permit using the log scale. Since at most 5000
realizations were used for any experiment, this is a valid lower
bound.

B. Design of Algorithm Parameters

The separability assumption and the introduction of can-
didate components mean that the probability of detecting all
IUs increases with N . In addition, increasing the number of
samples per frame T helps distinguish mixture components.
Hence, Fig. 7(a) shows that increasing T and N help improve
performance for all three algorithms. Increasing T also in-
creases the number of extra IUs detected, as shown in Fig. 7(b)
because the increase in variance of the components increases
the number of outliers. Another point to note from Fig. 7 is
a common trend that the minimum tail probability algorithm
detects all IUs with higher probability but also detects a
larger number of extra IUs than the soft reports algorithm.
Particularly, note that the average number of extra incumbents
detected by the minimum tail probability algorithm does not
converge with increasing N . The hard reports algorithm suffers
in performance doubly because it uses a more error-prone

1We used commit eb6cd95 from the ns-3-dev git repository in order to use
the latest SpectrumWifiPhy implementation. The MonitorSnifferTx trace was
modified to obtain the physical layer transmit duration for each packet.
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Fig. 7. Error in detecting incumbents when varying T and N for M = 3 IUs, K = 4 CRs, 0.4 average activity for each IU.

method to generate the labels and its inability to use the off-
diagonal elements of the covariance matrix as the soft reports
algorithm does. This causes detection of a larger number of
extra IUs than the soft reports algorithm.

The quality of footprints detected also improves with in-
creasing N and T due to the increased averaging, as shown in
Fig. 7(c). Due to the lack of space, we will be focusing only
on the probability of detecting all IUs and the average number
of extra IUs detected.

The minimum distance required between two components
in order to distinguish them as separate incumbents increases
with the threshold ζ . Hence, as seen in Fig. 8, reducing ζ
increases the probability of detecting all incumbents while also
increasing the normalized average number of extra incumbents
detected. This effect is more prominent in the minimum
tail probability algorithm because it does not use candidate
components. We choose ζ = 0.99 to minimize the number of
extra IUs detected since the drop in probability of detecting
all IUs is hardly 0.01.

C. Assumption of Constant Channel

An important assumption in our algorithm is that the
channels between IUs and CRs are constant, i.e., the channel
coherence time is greater than the time required to collect N
energy measurements. We shall now estimate the measurement
time for CRs using 6MHz wide bands, similar to IEEE
802.22 [20], and find the minimum coherence time supported
by our algorithm.

Time required to collect a single energy measurement of T
samples is T/6µs, i.e., 5.33µs for T = 32. To ensure that
different IUs are transmitting in different energy measure-
ments, we assume a fixed time interval between successive
measurements. A suitable sensing time interval depends on
the medium access control protocol of the IU systems because
that controls the transmission duration and interval between
successive transmissions. For the sake of argument, if the IUs
belong to the commonly used IEEE 802.11 standards, the
time interval between successive transmissions IUs is at least
150µs and the transmission duration of each packet is of the
order of 100µs. Hence, we assume that measurements occur
periodically at 150µs. Hence, N = 200 measurements require
only 30ms.

Thus, the coherence time of the channel should be at least
30ms. The corresponding Doppler spread should be at most

33.33Hz. For comparison, the maximum Doppler shift in the
IEEE 802.22 channel model is 2.5Hz [34] and that for IEEE
802.11n is 6Hz [35].

D. Performance for Different Number of CRs, IUs, and Aver-
age Activity

In this section, we would like to show the gain from
cooperation between CRs and the effect of collisions between
IUs.

First, Fig. 9 shows that the probability of misdetecting even
one IU decreases rapidly as the number of CRs increases.
This results from the additional diversity of increasing the
number of CRs. The Mahalanobis metric used for the soft
reports algorithm also uses this diversity to reduce the number
of extra IUs detected as seen in Fig. 9(b). On the other hand,
the idea of distinguishing IUs if even one CR has an outlier
measurement that the hard reports algorithm inherits in (34)
from the minimum tail probability algorithm’s distance metric
(20) causes both algorithms to detect a large number of extra
IUs. As the number of CRs increases, it also reduces the hard
report algorithm’s ability to combine erroneous reports into
the same connected component of H. Hence, it is unable to
detect all IUs as the number of CRs increases.

To evaluate the performance of our algorithms as the
frequency of collisions increase, we vary the average activity
of all IUs. As seen in Fig. 10(a), the soft reports and minimum
tail probability algorithm are approximately unaffected by the
average activity until it reaches 0.6. Beyond 0.6, the number of
collisions between 3 or 4 IUs makes the separability assump-
tion begin to fail. Hence, sum components are wrongly labeled
as source components and the probability of detecting all IUs
reduces while the number of extra IUs detected increases. The
candidate components used for the soft reports algorithm also
increases the probability of misdetecting IUs at extremely high
average activity. Hence, the soft reports algorithm should be
used rather than the minimum tail probability algorithm unless
the average activity is very high.
E. Example: Sensing IEEE 802.11n Networks

We simulated multiple 802.11n IU networks in NS3 to
show the performance of our algorithms when the IUs use
a realistic communication system. We see multiple features of
the 802.11n MAC protocol affecting the performance of the
proposed algorithms in Fig. 11. The MAC protocol reduces the
number of collisions. But the problem of channel capture [36]
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Fig. 8. Effect on detection performance when threshold ζ is varied from 0.95 to 0.99. Parameters: M = 1 to 4 IUs, K = 4 CRs, 0.4 average activity, N = 200
frames of T = 32 samples each.
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1 CR system. Parameters: N = 200 frames of T = 32 samples each.
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Fig. 10. Performance as a function of average activity for up to 4 incumbents and 4 CRs.

combines with the requirement of a minimum number of active
measurements and candidate components to make our pro-
posed algorithms ignore some components. The hard reports
algorithms suffers the most because of the same reason as
described for Fig. 9: the distance measure between reported
label vectors separates labels into separate components if even
a single CR makes a mistake and these components get ignored
because they have less than 5% active measurements. Instead
of trying to optimize this 5% parameter value, we believe
we need to design a distance metric that weights all CRs’
measurements instead of finding only the outlier.

F. Comparison to Existing Work

Apart from [16], methods proposed in existing literature do
not consider multiple IUs with spatially overlapping footprints.
For comparison on a simpler system, we implemented the
distributed boundary estimation (DBE) algorithm proposed
in [10] that finds anisotropic non-overlapping footprints. In
addition to received energy, the DBE algorithm assumes geo-
graphical location for clustering and pair wise communication
channels for message exchanges. We simulated a single IU
located at the center of a 2000m × 2000m area with 100 CRs
distributed uniformly around it. The footprint detected by the
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Fig. 11. Performance of sensing 802.11n networks as the time interval between arrival of packets at IUs is varied. The time interval between packets is
normalized by the transmit duration of a single packet. System: 100 topologies of up to 3 co-channel networks each consisting of 1 AP and 2 STAs were
simulated for 3 seconds, packet traces were sampled every 150µs to obtain 100 time sequences of 200 frames each, 6 CRs used for sensing.
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hard reports algorithm had, on average over 1000 Monte Carlo
realizations, 8.16% error while the footprint detected by the
DBE algorithm had 24.45% error.

Furthermore, as the example in Fig. 12 shows, the DBE
algorithm is not able to distinguish two IUs even though
their footprints do not overlap. For Fig. 12, we simulated two
IUs with patch antennas directed in opposite directions being
sensed by 1000 CRs uniformly distributed in a square area of
side 3000m. A channel model with path loss exponent 4 and
no fading was used to ensure a compact footprint as modeled
in [10].

G. Example Application: Localization of Multiple IUs

Localization of multiple IUs is a practical application of our
proposed algorithms. The source components’ sample means
as estimated by the soft reports algorithm can be used as
input for received energy based localization algorithms. For
our example scenario, we use the relative weighted localization
algorithm from [37]. We estimate the location of the mth IU
as

l̂m ,
K∑
k=1

max
{
Ĉµ(m),k − σ

2
νk
, 0
}

pk∑K
k=1 max

{
Ĉµ(m),k − σ

2
νk , 0

} (41)

where pk ∈ R2 is the location of the kth CR. An example of
4 IUs coexisting in space and spectrum is shown in Fig. 13.
Fig. 13(a) shows the locations of all the IUs and CRs and
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Fig. 13. Weighted Centroid Localization of 4 IUs using 200 measurements
at 64 CRs. The component means estimated by the soft reports algorithm are
used as input to the WCL algorithm.

Fig. 13(b) shows the identified footprints of each IUs and the
estimated locations of the corresponding IUs.

H. Computational Complexity

1) Soft Reports Algorithm: Consider the computational
complexity of one iteration of the soft reports algorithm. When
all the source components of the mixture distribution have
been learned, the algorithm reaches Blocks 4-9 only O(1− ζ )
fraction of the measurements. Therefore, the computational
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TABLE V
COMPUTATIONAL COMPLEXITY OF SOFT REPORTS ALGORITHM

Block Dominant Operation Unit Complexity
1, 4 Computing DM Per Component O(2MK 2)
2, 5 Inverting Covariance Per Component O(2MK 3)
3, 6 Exhaustive Search Per Source Component O(M2M−1)
7-11 Linear Search Per Source Component O(M )

complexity of the algorithm is dominated by the Blocks 1, 2,
3, and 10.

When the mixture distribution is being learnt and some of
the true components are classified as candidate components,
Blocks 2 and 3 are replaced by Blocks 5 and 6 with the same
complexity.

For each block in the soft reports algorithm, Table V lists
the operation that dominates the computational complexity and
the type of component it iterates over. Based on this table,
we conclude that the worst case computational complexity of
each iteration of the soft reports algorithm is dominated by the
updates of the parameters of the components and is O(2MK3).

Thus, the soft reports algorithm has a computational com-
plexity of O(T2MK3) for T iterations.

2) Hard Reports Algorithm: The computational complexity
for the CRs to learn the source components of the energy they
receive is O(T

∑K
k= 2Mk ).

The weakly connected components J for the graph H

are computed by a breadth first search requiring O(|L̂|)
operations. Consider a component J of the expected O(2M )
weakly connected components. Since each CR is testing a
multihypothesis problem with a univariate test statistic, we
can assume that each CR is most likely to report one of three
hypotheses – the correct hypothesis and the two hypotheses
that have the highest overlap with the correct hypothesis
in terms of densities. Extending this idea to K CRs and
assuming conditional independence amongst their reports, we
can approximate |J | = O(3K ).

The breadth first search to check whether T ⊆ J is a dom-
inating set requires O( |J |) operations. TD can be computed
simultaneously. Finding the best node to add to T requires
O( |J |2) operations. This last step is repeated at most |J | times
in the worst case but only once or twice in practice. Hence,
determining the dominating set of H requires O(2M9K )
operations.

The second stage of the algorithm has a smaller search
space, i.e.,

(
|L̂1 |

2

)
= O(2M ) pairs of components. Hence,

the computational complexity of this stage is O(22M−1). The
complexity of this stage exceeds the complexity of the first
stage (in the big-O notation) only if M > 1 + K log2 9.

In summary, the computational complexity of the hard
reports algorithm is dominated by the search for the maxi-
mum weight dominating set of H which requires O(2M9K )
operations.

VIII. CONCLUSION AND FUTURE WORK

We have proposed two centralized methods to use received
energy at multiple CRs to identify multiple IUs without
knowledge of their number, location, communication protocol,
and channel conditions. We have shown that by using multidi-
mensional statistical analysis but with assumptions similar to
that of energy detection, we can distinguish sources and the

spatial footprints of each. The soft reports algorithm improves
performance as compared to the minimum tail probability
algorithm by better estimating the off-diagonal entries of
the covariance matrix of received energy and by introducing
the concept of candidate components to reduce the effect of
statistical outliers. The hard reports algorithm shows that the
computation can be split between the CRs and the fusion
center while limiting the communication overhead.

Simulation results showed that the algorithms can detect
multiple IUs with high probability for a wide variety of
systems. The soft reports algorithm has the best performance
for sensing IU networks using slotted ALOHA like MAC pro-
tocols because it deals with collisions well. Comparisons to an
existing boundary estimation algorithm exemplify the ability
of our proposed algorithms to learn non-circular footprints of
multiple IUs.

However, NS3 simulations of 802.11n network highlight
the need for better methods to reduce the number of extra
IUs detected than simply thresholding the number of active
measurements for each IU. For the soft reports algorithm, data-
driven approaches of covariance estimation such as shrinkage
may be useful. The hard reports algorithm would benefit from
a weight-based distance metric instead of finding outliers.
Finally, the simplicity of the energy measurements make our
proposed algorithms amenable to experimental verification.

APPENDIX
DERIVATION OF COVARIANCE OF RECEIVED ENERGY

The covariance of the energy received at two distinct CRs
indexed k1 and k2 given the activity a[n] can be written as
follows, for t ∈ {tn, . . . , tn + T − 1}, using the fact that yk [t ′]
and yk [t ′′] are independent if t ′ , t ′′.

Cov
(
ek1 [n], ek2 [n]��a[n]

)
= E

[
ek1 [n]ek2 [n]��a[n]

]
− E

[
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(42)

Since the time index t and frame index n do not change
in this derivation, we will skip them for ease of reading now.
First, we compute the following.
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The last equality above uses the definition of σ2
νk

and (11).
The first term may be simplified as:

E
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Using (43), (44), (11), and E
[
| xm |2

]
= 2σ4

m , we can compute
the required covariance:
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Therefore, by substituting (45) into (42), we get
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